Abstract. Answering a question of A. Rapinchuk, we construct examples of nonisomorphic semisimple algebraic groups H 1 and H 2 of type G 2 having coherently equivalent systems of maximal k-tori.
Introduction
Let k be a field. We say that two semisimple algebraic groups H 1 and H 2 have same maximal tori if each time there is an embedding ι 1 : T → H 1 of a maximal torus T , then there is an embedding ι 2 : T → H 2 and conversely. This defines an equivalence class on isomorphism classes of semisimple algebraic k-groups.
There are variants of this equivalence relation. For example, one may require additionnally that H 1 and H 2 are isomorphic over k, and we say then than H 1 and H 2 are of same genus. The genus of inner groups of type A over arithmetic fields has been investigated by Chernousov-Rapinchuk-Rapinchuk [CRR] .
One variant is coarser, it is the same up to isogeny for T and has been studied by Garibaldi-Rapinchuk [GR] . We say then that H 1 and H 2 have same tori up to isogeny.
One is finer, it is due to Prasad-Rapinchuk [PR, def. 9 .4] and roughly speaking takes into account the Galois action on the root systems Φ(H 1 , ι 1 (T )) and Φ(H 2 , ι 2 (T )), see below ( §2). We say then that H 1 and H 2 have coherently equivalent systems of maximal k-tori; it has been investigated over number fields (loc. cit.).
Garibaldi and Saltman constructed a field F and non-isomorphic semisimple simply connected F -groups H 1 , H 2 of type A 1 such that H 1 and H 2 have coherently equivalent systems of maximal F -tori. It is written in terms of quadratic subfields of quaternion algebras and translate easily in terms of maximal tori of relevant semisimple groups, see Lemma 4.1.
Inspired by this construction, we construct examples of semisimple F -groups H 1 , H 2 of type G 2 such that H 1 and H 2 have coherently equivalent systems of maximal k-tori. This anwers a question raised by A. Rapinchuk. Note such an example cannot occur over a number field [PR, th. 7.5 ].
Groups having coherently equivalent systems of maximal tori
Our goal here is to reformulate by the notion of oriented type [Gi, Le, R] of embeddings of maximal tori Prasad-Rapinchuk's definition of groups having coherently equivalent systems of maximal k-tori. First we generalize the notion of coherent embeddings from semisimple connected absolutely simple to arbitrary reductive groups.
Coherent embeddings.
Definition 2.1.1. Let H 1 , H 2 be reductive k-groups which are isomorphic over k s . We fix a k s -isomorphism ϕ ♯ : H 1,ks
We say that H 1 and H 2 have coherently equivalent systems of maximal k-tori (with respect to ϕ ♯ ) if every maximal k-torus ι 1 : T 1 → H 1 admits a coherent kembedding into H 2 (relative to ϕ ♯ ), and every maximal k-torus ι 2 : T 2 → H 2 admits a coherent (relative to (ϕ ♯ ) −1 ) k-embedding into H 1 .
For reductive k-groups H 1 and H 2 , recall that Isomext k (H 1 , H 2 ) is the quotient scheme of Isom k (H 1 , H 2 ) by the adjoint group ad(H 1 ). Namely
Let H 1 , H 2 and ϕ ♯ be as in Definition 2.1.1. In the following lemma, we show that whether H 1 and H 2 have coherently equivalent systems of maximal k-tori relative to ϕ ♯ actually only depends on π(ϕ ♯ ).
Lemma 2.1.2. We take the setting of Definition 2.1.1.
(1) Assume that H 1 and H 2 have coherently equivalent systems of maximal k-tori relative to ϕ ♯ . Then H 2 is an inner form of
. Then the following are equivalent:
(i) The k-groups H 1 and H 2 have coherently equivalent systems of maximal k-tori with respect to ϕ ♯ ; (ii) The k-groups H 1 and H 2 have coherently equivalent systems of maximal k-tori with respect to ψ ♯ .
Proof.
(1) Let T 1 be a maximal torus of H 1 and ι 1 : T 1 → H 1 be the natural inclusion and ι : T 1 → H 2 be a coherent embedding relative to ϕ ♯ . By definition, we have some
The above equality which implies that for all σ ∈ Γ, we have ϕ
(i) =⇒ (ii). Suppose that H 1 and H 2 have coherently equivalent systems of maximal k-tori with respect to ϕ ♯ . Then for every maximal torus T 1 of H 1 , there is a coherent embedding ι :
Hence ι is also a coherent embedding relative to ψ ♯ . Therefore H 1 and H 2 have coherently equivalent systems of maximal k-tori with respect to ψ ♯ .
(ii) =⇒ (i). It is enough to interchange the roles of ϕ ♯ and ψ ♯ . 
we have a corresponding orientation between root data Φ(H, T ) and Ψ ′ , which we still denote it by v.
Given an embedding i : T → H, we defined its oriented type with respect to v as
. If H = H ′ and v is induced by the identity map, then the type is nothing but the composition of
can be seen as the set of maximal k-tori of H ′ and the first map is the characteristic application.
We can interpret the coherently equivalent system of maximal tori in terms of orientation and types as follows.
Definition 2.2.1. Let H 1 , H 2 be reductive k-groups sharing the same quasi-split
The above definition is independent of the choice of v 2 . To see this, we note that for a quasi-split group H ′ , there is a section s :
Since a stabilizes the Killing couple (B ′ , T ′ ), the automorphism a induces an automorphism on Ψ ′ and we denote it by a. The automorphism Int(a) of W ′ induces an automorphism Int(a)
. Therefore, the definition does not depend on the choice of v 2 . Since a different choice of H ′ will induce an one-to-one correspondence on types, the definition does not depend on the choice of H ′ either.
Then H 1 and H 2 have coherently equivalent systems of maximal k-tori relative to v if and only if H 1 , H 2 have the same oriented maximal k-tori with respect to the orientation v.
We first prove the following lemma.
Then the following are equivalent:
(1) The k-groups H 1 , H 2 have the same oriented maximal k-tori with respect to the orientation v; (2) For every torus T of rank rank(H ′ ) and every embedding ι 1 : T → H 1 , there exist an embedding ι 2 : T → H 2 and a k-isomorphism θ : Φ(H 1 , ι 1 (T )) → Φ(H 2 , ι 2 (T )) with orientation v; and for every torus T of rank rank(H ′ ) and every embedding ι 2 : T → H 2 , there exist an embedding ι 1 : T → H 1 and a k-isomorphism θ :
Proof. Let v 1 and v 2 be as in Definition 2.2.1.
(1) =⇒ (2). We suppose that H 1 , H 2 have the same oriented maximal k-tori with respect to the orientation v.
. In other words, there is an isomorphism of W ′ -torsors
so that type v 2 (T, ι 2 ) = γ. By interchanging the roles of H 1 and H 2 , we get (1).
We can proceed to the proof of Proposition 2.2.
Proof. Suppose that H 1 , H 2 have the same oriented maximal k-tori with respect to the orientation v. Fix a group isomorphism ϕ ♯ : H 1,ks ∼ − → H 2,ks such that π(ϕ ♯ ) = v. Let T be a maximal torus of H 1 and ι 1 is the natural inclusion. By Lemma 2.2.2, there is an embedding ι 2 : T → H 2 and a k-isomorphism θ : Φ(H 1 , ι 1 (T )) → Φ(H 2 , ι 2 (T )) with orientation v. Let Isom(H 1 , T ; H 2 , ι 2 (T )) be the scheme of isomorphisms from H 1 to H 2 which send T to ι 2 (T ). (For the notation, see [SGA3] Exp. XXIV, §2.) Let ϕ ∈ Isom(H 1 , T ; H 2 , ι 2 (T ))(k s ) be a lifting of θ, i.e. ϕ| T = θ. As θ is defined over k, the isomorphism ϕ| T is an k-isomorphism between T and ι 2 (T ). Let ι 2 be the natural inclusion of ι 2 (T ) in H 2 and ι = ι 2 • ϕ| T . Then by our construction, we have π(ϕ) = v and ϕ
On the other hand, given a maximal torus T of H 2 and ι 2 be the natural inclusion, the same argument as above also works. Therefore H 1 and H 2 have coherently equivalent systems of maximal k-tori relative to v.
Suppose that H 1 and H 2 have coherently equivalent systems of maximal k-tori relative to v. Let T be a torus and ι 1 : T → H 1 be an embedding. Since the type is only concerned about the image of ι 1 , we can identify T with ι 1 (T ) and let ι 1 be the natural inclusion. Let ι : T → H 2 be a coherent embedding and
Given a torus T and an embedding ι 2 : T → H 2 , the same argument also works for H 2 . By Lemma 2.2.2, the groups H 1 and H 2 have the same oriented maximal k-tori with respect to the orientation v.
Pfister forms
Let k be a field of odd characteristic. We start with a variation on the pure subform theorem on Pfister forms.
Proposition 3.1. Let n ≥ 2 be an integer. Let ϕ be a n-Pfister form and denote by ϕ ′ its pure subform. Let δ ∈ k × \ k ×2 . Then the following are equivalent:
Note that (ii) is equivalent to the fact that −δ is represented by ϕ ′ .
Proof. If ϕ is hyperbolic, all assertions hold so that we can assume than ϕ is anisotropic.
(i) =⇒ (ii). Then we can write ϕ = a, −δa ⊥ ψ [La, VII.3.1]. Since ϕ is multiplicative, it follows that ϕ = aϕ = 1, −δ ⊥ aψ. Hence ϕ ′ ⊥ δ = δ, −δ ⊥ aψ is isotropic.
(ii) =⇒ (iii). It is the pure subform theorem [La, th. X.1.5]. (iii) =⇒ (i). Obvious.
We do now a variation on Garibaldi-Saltman's construction [GaS, Example 2.1].
Proposition 3.2. Let n ≥ 2 be an integer. Let ϕ 1 , ϕ 2 be both anisotropic n-Pfister forms. We assume that ψ = (ϕ 1 ⊥ −ϕ 2 ) an is of dimension 2 n . Then there exists a field extension F/k satisfying the following properties:
are split; (iii) F is 2-special, i.e. its absolute Galois group is a pro-2-group; (iv) cd(F ) = n.
According to Kor. 3] (or [La, X.4 .34]), we know that the form ψ is similar to a n-Pfister form. Garibaldi-Saltman's original construction is the case n = 2 without the refinements (iii) and (iv). By the dictionnary between quaternion algebras and 2-Pfister forms, it permits to construct non-isomorphic quaternion algebras Q 1 , Q 2 over a field F which are split by F (
Lemma 3.3. Under the assumptions of Proposition 3.2, let δ ∈ k × \ k × 2 . Denote by E δ i the function field of the projective quadric {ϕ ′ i ⊥ δ = 0} for i = 1, 2 and put
, ψ E are anisotropic and are split by E( √ δ).
Proof. The point is that ϕ ′ i ⊥ δ is of discriminant δ so is not similar to a Pfister form for i = 1, 2. By [La, Cor. X.4.10.(3)], it follows that ϕ 1 (resp. ϕ 2 , ψ) remains anisotropic over E δ 1 and
. Also Proposition 3.1, (ii) =⇒ (i), ensures that ϕ 1,E , ϕ 2,E are split by E( √ δ) and so is ψ E .
We proceed now to the proof of Proposition 3.2.
Proof. We shall construct a tower of fields k 0 = k ⊂ k 1 ⊂ k 2 ⊂ . . . due to Merkurjev [Me] . We denote by k 1 the composition of the function fields E δ , defined in Lemma 3.3, for δ running over k × \ k ×2 . In other words, k 1 is the inductive limits of the fields E λ = E δ 1 . . . . E δn where λ = (δ 1 , . . . , δ n ) runs over the finite subsets of k × \ k ×2 .
Claim 3.4. The quadratic forms ϕ 1,k 1 , ϕ 2,k 1 , ψ k 1 are anisotropic and are split by
By construction, k is algebraically closed in k 1 , so that k
Lemma 3.3 shows that quadratic forms ϕ 1,E λ , ϕ 2,E λ , ψ E λ are anisotropic for each finite tuple λ of elements of k × \ k ×2 . It follows that the quadratic forms ϕ 1,E , ϕ 2,E , ψ E are anisotropic. The fact that ϕ 1,E , ϕ 2,E , ψ E are anisotropic and are split by E( √ δ) follow from the construction. The Claim is proven. The two other steps of the construction are standard. We denote by k 2 the composition of the function fields of the projective quadrics {q = 0} where q runs over the (n + 1)-Pfister k 1 -forms. Now we take k 3 as a maximal separable algebraic odd extension of k 2 .
Claim 3.5. The quadratic forms ϕ 1,k 3 , ϕ 2,k 3 , ψ k 3 are anisotropic.
The passage from k 2 to k 3 works by Springer's odd extension theorem. For k 2 , as before, it is enough to justify that the anisotropy is preserved on the function field k 1 (q) of a projective quadric arising from a (n + 1)-Pfister k 1 -form q. Since our forms are similar to n-Pfister forms, this works granting [La, Cor. X.4.13] . The Claim is proven.
Then k 4 is constructed from k 3 as k 1 from k and so on. We put F = lim −→n≥0 k n and shall check the requested properties.
Claim 3.4 insures that ϕ 1,F , ϕ 2,F , ψ F are anisotropic. Claim 3.5 guarantees that
) are split; By construction, F has no non-trivial separable odd finite field extension, hence F is 2-special. For determining the cohomological dimension of F , we use the quadratic part of the Milnor conjecture, namely the isomorphisms [OVV, th. 4 .1] (see also [Mo] ).
By construction, each (n + 1)-Pfister F -form is hyperbolic, so that I(k) n+1 (F ) = 0. Since ϕ 1,F is an anisotropic n-Pfister form, it defines a non-trivial class in
so that H n (F, Z/2Z) = 0. This implies that cd(F ) ≥ n. In the other hand, we have that
Remark 3.6. For each n ≥ 2, there are examples of fields k satisfying the assumptions of Proposition 3.2. Let k 0 be a field having an anisotropic (n − 1)-Pfister form ϕ 0 (e.g k 0 = R). Put k = k(t 1 , t 2 ), ϕ 1 = 1, −t 1 ⊗ ϕ 0,k , ϕ 2 = 1, −t 2 ⊗ ϕ 0,k . Then ϕ 1 and ϕ 2 are anisotropic (e.g. by Springer criterion over k((t 1 ))((t 2 )), see [La, prop. VI.1.9] ). We have
Applications to groups of type G 2
We start with the A 1 -case.
Lemma 4.1. Let Q 1 and Q 2 be two quaternion algebras over k and put H i = SL 1 (Q i ) for i = 1, 2. Then the following are equivalent:
(1) For each quadratic étale algebra
2) The k-groups H 1 and H 2 have coherently equivalent systems of maximal k-tori (in the sense of Remark 2.1). (3) The k-groups H 1 and H 2 have same maximal tori.
Proof. By Proposition 2.2, (2) is the same than H 1 and H 2 have same oriented maximal k-tori.
(1) =⇒ (2). The Weyl group of SL 2 is Z/2Z. Let γ be a class in H 1 (k, Z/2Z), that is the isomorphism class of a quadratic étale k-algebra k ′ . We assume that there exists a maximal k-torus embedding ι 1 :
, it splits Q 2 as well according to our assumption. Hence there exists a k-algebra map k ′ → Q 2 . This gives rise to a maximal k-torus embedding ι 2 :
. This shows that H 1 and H 2 have same oriented maximal k-tori.
(2) =⇒ (3). Obvious.
(3) =⇒ (1). Let k ′ be a quadratic étale k-algebra and assume that k ′ splits Q 1 . We put T = R 1 k ′ /k (G m ) and we have seen that it implies that there is a maximal k-torus embedding ι 1 : T → H 1 = SL 1 (Q 1 ) Our assumption implies that there is a maximal k-torus embedding ι 2 : T → H 2 = SL 1 (Q 2 ). Since k ′ splits T , it follows that k ′ splits H 2 and then splits Q 2 . We have shown that
Together with Proposition 3.1, Lemma 4.1 provides examples of non isomorphic semi-simple connected groups of type A 1 having coherently equivalent systems of maximal k-tori.
We come now to the octonionic case.
Proposition 4.2. There exists a field F with two octonions F -algebras C 1 , C 2 satisfying the following conditions:
(1) F is 2-special and cd(F ) = 3;
(2) C 1 and C 2 are non isomorphic and both non-split.
(3) The F -groups H 1 = Aut(C 1 ) and H 2 = Aut(C 2 ) have coherently equivalent systems of maximal F -tori (in the sense of Remark 2.1).
Proof. Again (2) is equivalent to that H 1 and H 2 have same oriented maximal k-tori. Proposition 3.2 applied to n = 3 provides a field F of odd characteristic which is 2-special and of cohomological dimension 3 together with two non-isometric anisotropic 3-Pfister F -forms ϕ 1 , ϕ 2 such that for each δ ∈ F × \ F ×2 , ϕ 1 and ϕ 2 are split by F ( √ δ). We denote by C i the unique octonion F -algebra whose norm form is ϕ i for i = 1, 2. Then C 1 and C 2 are non-isomorphic and both non-split.
It remains to establish property (3). Let H 0 be the Chevalley F -group of type G 2 and let T 0 be a maximal F -split torus of G 0 . We have
is an étale quadratic (resp. cubic) F -algebra. We are given a class γ ∈ H 1 (F,
Since F is 2-special, we have that L = F × E where E is a quadratic étale F -algebra. We assume that H 1 = Aut(C 1 ) admits an F -embedding ι 1 : T → H 1 as maximal torus of type γ. By [BGL, lemma 4.2 .1], we have that
). By our embedding criterion (ibid, prop. 4.4.1), we have that C 1 is split by F ′′ and F ′ , or equivalently ϕ 1 is split by F ′′ and F ′ .
Hence ϕ 2 and C 2 are split by F ′′ and F ′ ; the same criterion yields that there exists a F -embedding ι 2 : T → H 2 = Aut(C 2 ) of type γ.
A more elaborated example is the following one.
Theorem 4.3. Let k be a field containing a primitive 12-root of unity. We assume that k is 2-special field of cohomological dimension 2 and that there exist two nonisomorphic quaternion division algebras Q 1 , Q 2 such that Q 1 (resp. Q 2 ) contains all quadratic field extensions of k. We put K = k((t)) and consider the octonion Kalgebras C i = C(Q i,K , t) for i = 1, 2 defined by the Cayley-Dickson doubling process, that is [SV, §2.1]
(1) The octonion K-algebras C 1 and C 2 are non isomorphic and both non-split. Furthermore for each δ ∈ K × \ K ×2 , the octonion K-algebras C 1 and C 2 are split by
Remark 4.4. Note that the input of Theorem 4.3 can be provided by Proposition 3.2 for n = 2.
Proof. We remind first that K is of cohomological dimension 3 [Se, II, §4.3, prop. 12] . Also the norm form of C i is 1, −t ⊗ n Q i ,K for i = 1, 2. Since the quaternionic norm n Q 1 , n Q 2 are anisotropic and non-isometric, Springer's criterion shows that the K-forms N 1 and N 2 are anisotropic and non-isometric [La, VI.1.9] .
Let
. Since k ′ occurs as subfield of Q 1 , it follows that K ′ occurs as composition subalgebra of C 1 , so splits C 1 . If K ′ is ramified, we may assume that δ = tδ 0 with δ 0 ∈ k. We have
we can write Q 1 = (δ 0 , δ 1 ) for some δ 1 ∈ k × . It follows that N C 1 ,K ′ = δ 0 , δ 0 , δ 1 K ′ is splits since −1 is a square in k. We conclude from this case by case discussion that N C 1 and C 1 are split over K ′ (and similarly for C 2 ). It remains to check property (2). We are given a class
is a quadratic (resp. cubic) étale K-algebra such that H 1 = Aut(C 1 ) admits a maximal torus embedding ι 1 : T → Aut(C 1 ) of type γ. Since C 1 is not split, K ′ is a field [BGL, prop. 4.3.1. (1)] and we write it as
with E an étale quadratic algebra, (1) and the same argument as in the proof of Proposition 4.2 shows that there is a K-embedding ι 2 : T → H 2 of type γ. We can focus then on the case when L is a cubic field extension of K. Since k is a 2-special field, L is ramified so that L = K(
and is a Galois cubic extension since K contains a primitive 3-root of unity. We apply now our embedding criterion [BGL, prop. 5.2.6 ] based on the work of Haile-Knus-Rost-Tignol [HKRT] . There exists a 3-dimensional K ′ /K-hermitian form h = −b, −c, bc of trivial hermitian discriminant such that C 1 ∼ = C(K ′ , K ′ 3 , h) arises by the Jacobson's construction and an element λ ∈ L × such that N L/K (λ) ∈ K ×2 and such that the quadratic K-form d ⊗ t L/K λ is isometric to d ⊗ −b, −c, bc . The notation t L/K λ means the form L ∼ = K 3 → K, x → Tr L/K (λx 2 ).
Claim 4.0.3. λ is a square in L.
Up to a square of L × , we can write λ = λ 0 t r 3 with λ 0 ∈ k × and r = 0 or 1. We have N L/K (λ) = λ 3 0 t 3r 3 ∈ K ×2 . By taking the valuation, r is even so is zero. Since the map k × /k ×2 → K × /K ×2 is injective, it follows that λ 0 ∈ k ×2 , hence λ is a square in L. The Claim is proven so we may assume that λ = 1. By writing L = K ⊕ Kt In the other hand, we have the orthogonal decomposition
and the quadratic form associated to the hermitian form h is the restriction of N C 1 to (K ′ ) 3 . It follows that
hence is hyperbolic. It is then a contradiction and we conclude that the cubic field case extension does not occur.
Remarks 4.5. (a) The k((t))-groups H 1 and H 2 are defined over k(t). One natural question is whether the relevant k(t)-groups have coherently equivalent systems of maximal k(t)-tori.
(b) By using Meyer's refinement of Garibaldi-Saltman's construction [Mr] , one can construct a field k which is 2-special and of cohomological dimension 2 and which has infinitely many quaternion division algebras (Q i ) i∈I (pairwise non isomorphic) such that Q i ⊗ k k( √ δ) is split for each i ∈ I and each δ ∈ k × \ k ×2 . Theorem 4.3 provides then infinitely many (pairwise non-isomorphic) k((t))-groups of type G 2 having pairwise coherently equivalent systems of maximal k((t))-tori.
